Abstract-We numerically analyze the optical response and nonlinear susceptibilities of fishnet metamaterials with the holes infiltrated by a third-order nonlinear dielectric. Through full-wave simulations and employing a nonlinear parameter retrieval method, we confirm and quantify the enhanced nonlinearities, showing bulk third-order nonlinear susceptibilities that are up to two orders of magnitude larger than the nonlinear dielectric. We also use the retrieved parameters to calculate the material figure of merits and the conversion efficiencies, showing material figure of merits up to two orders of magnitude larger and conversion efficiencies up to four orders of magnitude larger than the nonlinear dielectric alone. Though these results are calculated using one-unit-cell thick structures, the large magnitude of the enhancement still makes these structures attractive, allowing reasonable conversion efficiencies supported by even subwavelength slabs.
INTRODUCTION
Metamaterials (MMs) have attracted great attention due to their unusual electromagnetic properties not available in nature [1] . They have been exploited to develop unusual optical materials and devices, such as negative-index materials [2, 3] and "invisibility cloaks" [4, 5] . Negative-index MMs (NIMs) operating at optical frequencies have recently attracted considerable attention because of their novel properties in optics [6] [7] [8] [9] [10] [11] [12] . One of the important NIM designs which is suitable for optical frequencies is the fishnet metal-dielectric-metal structure [13] [14] [15] [16] [17] [18] . There have been considerable investigations on the linear optical properties of the fishnet structure during the past few years, such as the influence of the hole shape [19, 20] , the effect of structure parameters [21] and tunability of the fishnet structures infiltrated with a nematic liquid crystal [22, 23] .
Due to the strong local field enhancement within the MMs, there are new opportunities for enhanced nonlinear optical response. It was predicted that nonlinear MMs (NMMs) could provide a way not just to adopte the nonlinearities of their constituent materials but also to enhance them by orders of magnitude [24, 25] . A lot of research in NMMs have been done including demonstrations of frequency generation [26, 27] , parametric amplification [28, 29] , selfphase modulation and bistability [30, 31] . However, so far there are no works on nonlinear optical properties of realistic structures with negative index, such as the fishnet structures.
In this paper, we numerically analyze the nonlinear optical response of fishnet NMMs exhibiting negative refractive index. We study a structure with the holes infiltrated by a generic nonlinear dielectric and retrieve its nonlinearities using method described in [32] [33] [34] [35] . We try to get varied nonlinear enhancement properties and identify the effects of varied structure parameters. These results are calculated using one-unit-cell thickness, which is limited by increasing linear absorption with increasing thickness, and assumption that the incident wavelength should be much larger than the thickness. However, the large magnitude of the enhancement still makes these structures attractive, allowing reasonable conversion efficiencies supported by even subwavelength slabs.
The paper is organized as follows. In Section 2, we introduce the method of analysis and present the simulated geometry. In Section 3, we discuss the simulation results in detail. Finally, in Section 4, we summarize our results and conclusions.
PROPOSED STRUCTURE AND SIMULATION METHOD
It is well known that fishnet structures are composed of two parts: an array of thin metal wires parallel to the direction of electric field, which can be treat as "electric atoms" and results the effective negative electric permittivity (ε), and a pair of finite-width metal stripes separated by a dielectric layer along the direction of the incident magnetic field, which can be treat as "magnetic atoms" and results the effective negative magnetic permeability (µ). The resulting structure is a 2D array of holes penetrating completely through a metal-dielectricmetal film stack [13, 20] , as is shown in Fig. 1(a) .
Comparing to [14] and making the structure resonant near the near-infrared wavelength, we use structure parameters described in [14] . We keep the thickness of each layer constant, t = 45 nm, s = 30 nm, and the lattice constant, a x = a y = 600 nm. If w x =316 nm, w y = 100 nm, we will get the same structure described in Ref. [14] and the simulation results is completely the same. The retrieved linear properties are shown in Figs. 1(b) and (c). Fig. 1(b) shows the retrieved permittivity and permeability, and Fig. 1(c) is the retrieved refractive index. It is shown that the negative real part of permittivity and negative real part of permeability results a negative real part of refractive index. These results are exactly the same as those in [14] .
The metal layers are silver, and the dielectric spacer is MgF 2 . We use the free-electron Drude model with plasma frequency ω pl = 1.37 × 10 16 s −1 and collision frequency ω col = 8.5 × 10 13 s −1 for silver, which is the same as that in [14] . The refractive index of MgF 2 is n = 1.38. As is discussed in [14, 19] , we know that the MM slab is usually located on a substrate in experiments, so the complex field reflectance for a wave incident from one side is generally not the same as that from the opposite side. To avoid this problem of asymmetric, we embed the structure in an effective homogeneous medium with refractive index 1.05. Then we introduce the simulation method used in this work simply, our linear retrieval is based on [36, 37] , and nonlinear retrieval is based on [33] [34] [35] . The validity of these simulations has been verified by repeating the results of these papers. For the full details of the existing nonlinear retrieval method, the reader is referred to [33] [34] [35] . We use FEM software to perform full-wave, frequency-domain simulations on a single unit cell of the fishnet structure. We use periodic boundary conditions to simulate a MM slab with infinite extend in the transverse direction. The nonlinear processes are considered by infiltrating the holes with a third-order nonlinear, or Kerr, dielectric. We calculate the fundamental and nonlinear scattered fields separately, the fundamental fields are solved first, neglecting the nonlinearity and then the fundamental fields is used to calculate the nonlinear polarization of the dielectric [35] .
For all the simulations, the unit cell is excited by a plane wave traveling in the z direction, with the electric field polarized along the x axis. The linear properties are retrieved using the standard scattering-parameter retrieval techniques [36, 37] , and the nonlinear scattered field are measured at the output and input ports and are used in the following retrieval process [33] [34] [35] . For the third-order nonlinearity, the retrieved parameters are the effective electric and magnetic third-order susceptibilities χ (3) e, xxxx and χ (3) m, yyyy . Both electric and magnetic third-order susceptibilities can be retrieved despite that only electric third-order nonlinear dielectric was added in the fishnet structure, this is because the magnetic resonant nature of the MMs [35] . In the following, we assume the third-order susceptibilities of nonlinear dielectric in the holes to be χ (3) d , and its refractive index n d is 1.05. Note that the assumptions of n d are mainly for illustrative purposes, and their magnitudes are unrealistic. For larger n d , we need to increase w y to make the fishnet metamaterial keep its negative refractive index and resonant at the desired wavelength.
At last, we are able to discuss the nonlinear response of the fishnet NLMMs. The same as discussing the effect of structure parameters on linear response in Ref. [21] , we discuss two parameters' effect on the nonlinear response: (A) We fix w y =100 nm and vary w x . (B) We fix w x =316 nm and vary w y .
After we get the χ
e,xxxx and χ
m,yyyy for both the two cases, it is necessary to give a more thorough analysis to verify their applicability in realistic nonlinear devices. It is necessary because in NLMMs the metallic inclusions generate most of the losses. The losses will constrain the maximum lengths of any resulting devices. So the enhancement effect must be compared with the losses. We introduce the figures of merit (FOM) for nonlinear devices defined in Ref. [35] . The effective material figure of merit is
is the effective impedance of the fishnet NLMMs and Z 0 is the impedance of free space. Then the corresponding material figure of merit of the nonlinear dielectric alone is
where the subscript d refers to the properties of the dielectric. Then follow the Ref. [35] , we describe the third-order nonlinear process in terms of the intensity of the nonlinear scattered fields, given by
where
contains the effect of propagation losses on efficiency. α(ω) is the linear absorption of the fishnet NMMs, and α = 2π × Im(n eff ) × ω/c where n eff = √ ε eff is the effective linear refractive index and Im(·) means imaginary parts. Then the conversion efficiency is given by the ratio of nonlinear scattered intensity to the input intensity
And it can be normalized by the efficiency of the dielectric alone, and get the figure of merit describing the enhancement of third-order nonlinear process:
Note that in Ref. [35] , they calculate the conversion efficiency using
, which is the optimum interaction length found by maximizing the quantity L 2 g(L). In our work, however, we have the fishnet structure whose thickness is fixed, so we calculate the conversion efficiency using fixed interaction length L = 120 nm.
After these settings, we are able to discuss the third-order nonlinear process of the fishnet structures systematically and also give a more thorough analysis of them in terms of their applicability in realistic nonlinear devices.
RESULTS AND DISCUSSION
First to describe the linear optical properties of the fishnet NMMs, we choose linear absorption as a representative. Linear properties such as negative refractive index and transmission have been largely discussed in Refs. [19] [20] [21] , and it is not our purpose here. We will not study these properties, however the parameters we choose here always make the fishnet NMMs have a negative refractive index in the chosen spectrum. We choose linear absorption as a representative because the introduction of metallic inclusions in MMs will surely increase its linear absorption which impedes its potential applications, so it is necessary to discuss its linear absorption quantitatively. Meanwhile the linear absorption can also reveal the MMs linear optical properties, such as the resonant wavelength and absorption peak. Fig. 2 shows the linear absorption curves for both the two cases discussed in Section 2. we fix the w y = 100 nm and vary w x to be 290 nm, 316 nm, 330 nm and 350 nm, the linear absorption is shown in Fig. 2(a) . The resonant wavelength red-shifts with the increase of width of "magnetic atoms", w x , and the maximum absorption increases slightly. This red-shift of resonant wavelength can be qualitatively explained by tracking the resonance of an equivalent L-C circuit: a wider grating corresponds to larger inductance and capacitance, which in turn leads to a larger resonance wavelength [21] . And due to the increased fill fraction of metallic inclusions, the absorption will increase simultaneously. In case (B), we fix the w x =316 nm and vary w y to be 80 nm, 100 nm, 150 nm and 200 nm, the linear absorption is shown in Fig. 2(b) . With the increase of width of "electric atoms", w y , the resonant wavelength blue-shifts indicating an interaction between the electric and magnetic structures and the maximum absorption also increases. As is well known, the "electric atoms" mainly provide an effective negative electric permittivity, with the increase of width of "electric atoms", magnitude of the effective negative electric permittivity becomes larger and induce increased imaginary refractive index (not shown here). Thus the linear absorption will increase.
Then we consider the fishnet NMMs' nonlinear enhancement properties for both the two cases, as is discussed in Section 2. For case (A), in Fig. 3 we show the retrieved nonlinearities of both electric and magnetic contributions, allowing for the complete characterization of the fishnet NMMs. Figs. 3(a) and (b) show the real and imaginary part of the electric susceptibilities, normalized by the nonlinear bulk dielectric. Figs. 3(c) and (d) show the real and imaginary part of the magnetic susceptibilities, normalized by the nonlinear bulk dielectric. The magnetic susceptibilities are also normalized by the impedance of free space where appropriate [35] . As expected, the retrieved nonlinearities of the fishnet NMMs are highly enhanced near the resonance. The retrieved nonlinear susceptibilities also show the Lorentzian features in their real and imaginary parts. Note that the magnetic properties have roughly a π phase relation with the corresponding electric properties, akin to the "antiresonance" features common to linear MMs retrievals [35] . As the w x increases, the maximum magnitude of electric susceptibilities increases while the maximum magnitude of magnetic susceptibilities decreases indicating increased electric response and decreased magnetic response in the fishnet NMMs. And the resonant wavelength shows red-shifts which is the same as the linear absorption. The magnitude of the normalized magnetic susceptibilities is several times larger than the normalized electric susceptibilities indicating that with these parameters the fishnet NMMs are mostly magnetic in nature. For case (B), in Fig. 4 we show the retrieved nonlinearities of both electric and magnetic contributions. Figs. 4(a) and (b) show the real and imaginary part of the electric susceptibilities, Figs. 4(c) and (d) show the real and imaginary part of the magnetic susceptibilities, both are normalized by the nonlinear bulk dielectric. The retrieved nonlinear susceptibilities are similar to those in case (A). However, as w y increases, the maximum magnitude of electric susceptibilities increases and the maximum magnitude of magnetic susceptibilities decrease significantly. When w y = 80 nm and 100 nm, the magnitude of the normalized magnetic susceptibilities is several times larger than the normalized electric susceptibilities indicating that with these parameters the fishnet NMMs are mostly magnetic in nature. However, this is different when w y is larger, such as w y = 200 nm, the magnitude of the normalized electric susceptibilities is much larger than the normalized magnetic susceptibilities indicating that the fishnet NMMs are mostly electric in nature. The resonant wavelength shows blueshifts which is the same as the linear absorption. The retrieved parameters of the previous discussion fully characterize the fishnet NMMs, thus we are in position to analysis their applicability in realistic nonlinear devices. We will use FOM introduced in Section 2 to give a more thorough analysis of the fishnet NLMMs. First in Fig. 5 , we show the material FOM |κ (3) /κ (3) d |, which do not include the linear absorption, also normalized by the nonlinear bulk dielectric. Fig. 5(a) shows curves for case (A) and Fig. 5(b) is for case (B). For both the two cases, the material FOM show peak values that are two orders of magnitude larger than the embedding nonlinear dielectric alone. For case (A), as w x increases, the peak value of material FOM increases first and then decreases, showing maximum magnitude near w x =316 nm. While for case (B), as w y increases, the peak value of material FOM decreases even if there are no linear absorption involved. So we can expect that considering increased linear absorption for case (B), the conversion efficiencies will decrease more rapidly as w y increases. While the material FOM is the lowest when w y = 200 nm, it has the largest electric susceptibilities.
Then we take linear absorption into account, as is discussed in Section 2. In Fig. 6 we show the conversion efficiencies of the thirdorder nonlinearities where linear absorption is involved, normalized by the efficiency of the dielectric alone. For both the two cases, the conversion efficiencies show peak values that are four orders of magnitude larger than the embedding nonlinear dielectric alone. For case (A), as w x increases, the peak value of conversion efficiencies increases first and then decreases, showing maximum magnitude near w x = 316 nm. While for case (B), as w y increases, the peak value of conversion efficiencies decreases rapidly due to the increased linear absorption. The resonant nature of the fishnet structures results a narrow band of operation as well as relatively large losses. Thus, applications will likely be constrained to slabs only a few unit cells thick, in our work it is only a unit cell thick and L = 120 nm. If we make the thickness L larger, there will be rapid reduction of conversion efficiencies. However, the magnitude of the enhancement still makes these structures attractive, allowing even subwavelength slabs to support reasonable conversion efficiencies. And additionally, the fishnet structure have refractive index which can be positive, nearzero or even negative, so there emerge new opportunities for intriguing properties. 
CONCLUSION
In conclusion, we have demonstrated in this work, through fullwave simulations and by employing the nonlinear retrieval method, a quantitative analysis of the enhancement of the effective nonlinearities of fishnet MMs with the holes infiltrated by a third-order nonlinear dielectric. The fishnet NMMs can support both enhanced electric and magnetic nonlinearities compared to the electric nonlinear dielectric, with improvements as high as two orders of magnitude for the thirdorder material figures of merit. Such enhancements, together with the unique and configurable properties of fishnet MMs, have the potential applications in a new generation of efficient and compact nonlinear devices. 
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